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Abstract
Nojiri & Odintsov [1] and Hu & Sawicki [2] have studied non-linear functions in
modified gravity that explain the cosmic acceleration without cosmological constant,
fulfil the conditions of local gravity & stability and pass the solar system tests. In
this paper, FRW model, a best fitted and fruitful mathematical model of the physical
universe [3–6] is studied in the context of these non-linear functions. The cosmological
implications such as Hubble parameter, deceleration parameter, jerk parameter, matter
density and the effective equation of state parameter of the universe are plotted with
respect to redshift. Subsequently, the age of the universe is predicted in f(R) gravity.
All are found to represent the features of present phase of the universe.
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1 Introduction
During the last few decades, the observational results of Supernova have declared the ex-
pansion of the universe to be accelerating [7–10]. Consequently, it has motivated towards
the theories containing the cosmological constant which were first introduced by Einstein in
his theory of cosmological evolution and after some time, he found it to be a great mistake.
However, at present, it has been clear that Einstein was not wrong.
Now, it is not an easy task to find a correct model explaining this late time acceleration.
In literature, many efforts have been put in this direction and several models are developed.
In the development of these models, two approaches have been taken into account. The
first approach makes the use of scalar field which corresponds to a modification of the en-
ergy momentum tensor in Einstein equation. The models based on this approach are called
quintessence models. On the other hand, the second approach corresponds to the modifi-
cation of the gravitational theory in comparison of Einstein’s general relativity. A simplest
theory using the second approach is known as a f(R) theory of gravity in which the term, R,
Ricci scalar, appearing in the action is replaced by general function f(R). For deriving the
field equations of this theory, the two formalisms have been found. In the first one, the metric
tensor varies with respect to the metric gµν and the affine connection Γ
γ
µν which is a function
of gµν . However, in the second form which is called Palataini formalism, when the action
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is varied, Γγµν and gµν are considered independent. Starobinsky [11] proposed a significant
f(R) model with f(R) = R + αR2, where α > 0, to explain inflationary era of the uni-
verse. Subsequently, various other theories such as f(R, T ) gravity, f(G) gravity, f(R, T,Q)
gravity, Eintein-Λ gravity etc. are also introduced in literature and studied in different as-
pects [12–24]. Yousaf et al. [25] studied the evolutionary behaviors of compact objects using
structure scalars in f(R, T ) theory of gravity. They considered the spherical geometry cou-
pled with heat and radiation emitting shearing viscous matter configurations, constructed
structure scalars from the orthogonal decomposition of the Riemann curvature tensor and
explored the influence of f(R, T ) on dynamics of radiating spherical fluids. Subsequently,
Yousaf et al. [26] studied the distribution of matter configuration for a self-gravitating spher-
ical star and examined irregularity factors for dust, isotropic and anisotropic fluids in two
regimes in f(R, T ) gravity. Bamba et al. [27] considered flat FLRW model in the framework
of f(G) gravity. They investigated energy conditions and found the viability bounds. Using
the recent values of parameters: Hubble, deceleration, jerk and snap, they obtained the re-
gions satisfying the null and weak energy conditions. Yousaf [28] considered non-static and
non-diagonal cosmic stellar filament in the presence of cosmological constant and studied the
effect of expansion-free condition on exact analytical solutions. Yousaf et al. [29] studied
the stability of self gravitating celestial body using the background of f(R, T,Q) gravity
and investigated hydrodynamical equation and instability conditions with both N and pN
approximations.
In 1998, the dark energy search puts forward an idea of the gravity modification. Several
models in this regard have been studied in f(R) theory. Nojiri and Odintosov [1] used the
function f(R) including both positive and negative powers of R to obtain both early inflation
and late time acceleration. Sotiriou [30] studied the conditions for f(R) theory of gravity and
scalar tensor theory to be equivalent and explored its implications. Ali et al. [31] investigated
the viable cosmological models in f(R) gravity. Ganguly et al. [32] studied the structure of
neutron stars in f(R) gravity. Huang [33] investigated an f(R) model of inflation. Sharif
and Nawazish [34] explored warm intermediate inflation in f(R) gravity and obtained the
inflation solution in both weak and strong constant regimes and analyze the observational
parameters. Bahamonde et al. [35] studied the presence of accelerating universe between
the frames of f(R) theory of gravity and minimally and non-minimally coupled scalar field
theories. Felice [36] reviewed the applications of f(R) theories and its extension to other
modified theories of gravity. Nojiri et al. [37] also reviewed the recent development in various
forms of modified gravity and described the findings on inflations, bounding cosmology and
late time acceleration. Nojiri and Odintosov [38] studied f(R), f(G) and f(R,G) models
with non-linear gravitational coupling. Sebastiani et al. [39] investigated class of inflationary
scalar potentials in Einstein and Jordan frames. Cognola et al. [40] studied modified f(R)
gravities and described inflation and accelerated expansion. Thakur and Sen [41] discussed
a non-minimally coupled form of function f(R). Mukherjee and Banerjee [42] studied FRW
model with f(R) proportional to (λ + R)n and exp(αR). Guo and Frolov [43] explored
the cosmological dynamics for a range of f(R) gravity models and studied the phase-space
dynamics, cosmological viability conditions and the cosmological evolution of f(R) gravity
models. Bamba et al. [44] investigated f(R) gravity models with two forms of scale factor
and analyzed occurrence of bounce. Amani [45] studied f(R) model in FriedmannLema-
treRobertsonWalker (FLRW) framework and explored the nature of bouncing cosmology in
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f(R) gravity. He also investigated bouncing conditions and obtained late time acceleration.
Zubair and Abbas [46] used the solution of Krori and Barua to the anisotropic distribution
and studied the formation of compact stars. They computed the constants of Krori and
Barua solution and discussed energy conditions, stability, regularity of matter components
etc. Yousaf et al. [47] studied the effect of Palatini f(R) terms for inhomogeneity factors
of spherical relativistic systems. They explored the evolution of Lemaˆıtre-Tolman-Bondi
dynamical model with respect to tilted and non-tilted observers for specific types of fluid
distribution. Subsequently, several authors [48–58] discussed cosmological models in f(R)
gravity from different aspects.
At the present time, the universe is passing through the phase of cosmic acceleration which
can be well described by general relativity by invoking dark energy. For this, the cosmological
constant is found to be a standard and simplest possibility. The smallest estimates for its
value are of order 55 [59,60]. This led to several other possibilities that considers dark energy
associated with a new scalar field [61–67]. But these possibilities have also many drawbacks.
This puts forward an idea of the gravity modification. Several researchers have made attempts
to generalize the action of general relativity and study various f(R) models explaining early
inflation or a late time acceleration. Since general relativity is based upon Einstein Hilbert
action with Lagrangian density
√−gR, a natural generalization is the addition of the terms
proportional to
√−gRn, where n is a constant. Caroll et al. [68] introduced a gravitational
alternative for dark energy by modifying the Einstein action by adding the term
1
R
which
dominates at low curvature. The explanation of present cosmic acceleration through the
gravitational foundation is more natural. But it was found to be instable from such theory.
This indicated some further modifications.
Nojiri and Odintsov [1] proposed a new model with Einstein action containing the function
both positive and negative powers of curvature as f(R) = R + R2 +
1
R
. The idea was to
unify inflation and dark energy. The term R2 would be dominant at large curvature so
in the past and would produce a first acceleration i.e. inflation and the term
1
R
would
dominant at low curvature at present and would produce the second acceleration of the
universe i.e. dark energy. After few years, in order to explore the accelerating phase of the
universe, Hu & Sawicki [2] introduced a non-linear function f(R) that satisfy the following
properties: (a) it mimics the ΛCDM model for high redshift, (b) it shows the accelerating
stage for low redshift, (c) it exhibits enough degrees of freedom to incorporate a wide series
of low redshift and (d) it includes the ΛCDM model in a special case. They defined it as
f(R) = R − µRc (
R
Rc
)
2n
( RRc )
2n
+1
where n, µ and Rc are constant. For n = 1, this function is same
as the non-linear function introduced by Starobinsky [69] for the explanation of accelerating
universe without cosmological constant. The second model is also studied in [70,71]. In these
papers, the present value of Hubble parameter is obtained equal to 0.07GYrs−1 approximately
which is same as the value obtained in this work. Also in [70,71], the expansion of the universe
is obtained from decelerating phase. However, in this work, the evolution of the universe is
found from decelerating phase to accelerating phase and at the present time, the universe is
shown to be in an accelerating phase.
In this paper, two forms of function f(R) are taken into account to draw various cosmolog-
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ical implications in the framework of FRW model. These are defined as (i) f(R) = R+R2+
1
R
[1] and (ii) f(R) = R− µRc R
2
R2 +R2c
[2]. As discussed above, the first model produces early
inflation and late time acceleration and the second model describes Newton’s law at large
scale and effective ΛCDM cosmology. These significant outcomes have motivated us to con-
sider models (i) and (ii) in the present work. In the context of these models, the cosmological
implications such as Hubble parameter, deceleration parameter, jerk parameter, matter den-
sity, the effective equation of state parameter and the age of the universe are plotted in this
work.
2 f (R) Gravity & Field Equations
In this section, f(R) gravity and Einstein’s field equations for FRW metric are described
briefly. Throughout dot and dash upon a function denote derivative with respect to cosmic
time and Ricci scalar respectively.
In f(R) gravity, the action is defined as
SG =
1
16pi
∫
[f(R) + Lm]
√−gd4x, (1)
where f(R) is a function of Ricci scalar R, Lm is the matter Lagrangian density, and g
stands for the determinant of the metric gµν .
Varying Eq.(1) with respect to the metric gµν , the field equations are
f ′(R)µ;ν −f ′(R)gµν + f ′(R)Rµν − 1
2
f(R))gµν = −8piG
c4
Tµν , (2)
where Tµν is the stress energy tensor of the matter defined as
Tµν = (ρ+ p)uµuν − pgµν (3)
such that
uµOνuµ = 0, uµuµ = 1. (4)
The flat FRW metric is
ds2 = dt2 − a2(t)[dx2 + dy2 + dz2], (5)
where a(t) denotes the scale factor.
The Einstein’s field equations are obtained as
3
a˙2
a2
=
ρm
f ′
+
1
f ′
(
1
2
(−f +Rf ′)− 3R˙f ′′ a˙
a
)
, (6)
2
a¨
a
+
a˙2
a2
= − 1
f ′
(
3R˙f ′′
a˙
a
+ f ′′′R˙2 + f ′′R¨ +
1
2
f −Rf
′
2
)
, (7)
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where ρm denotes the matter density and the corresponding pressure is taken as zero.
Let ρk ≡ 1
2
(−f + Rf ′) − 3R˙f ′′ a˙
a
and pk ≡ 3R˙f ′′ a˙
a
+ f ′′′R˙2 + f ′′R¨ +
1
2
f − Rf
′
2
. Then ρk
and pk represent the curvature density and pressure respectively.
Equations (6) and (7) reduce to
3H2 =
ρm + ρk
f ′
, (8)
2H˙ + 3H2 = −pk
f ′
. (9)
Equations (8) and (9) give
d
dt
(
ρm + ρk
f ′
)
+ 3H
(
ρm + ρk + pk
f ′
)
= 0. (10)
The matter conservation gives
˙ρm + 3Hρm = 0. (11)
Then Eq.(10) takes the form
d
dt
(
ρk
f ′
)
+ 3H
(
ρk + pk
f ′
)
=
ρmf
′′R˙
f ′2
. (12)
The scalar curvature and its derivative with respect to cosmic time are obtained as
R = 6
[
a˙2
a2
+
a¨
a
]
= 6H
(
2H − dH
dz
(1 + z)
)
(13)
R˙ = 6H3(j − q − 2) = 6H(1 + z)
[{
H
d2H
dz2
+
(
dH
dz
)2}
(1 + z)− 3HdH
dz
]
, (14)
where q and j are deceleration and jerk parameters respectively.
3 Physical Parameters for f (R) Models
The exploration of the dynamics of the universe has become an important part of research
for cosmologists. In this regard, Mukherjee and Banerjee [42] taken into account two f(R)
models proportional to (λ + R)n and exp(αR) and plotted deceleration and equation of
state parameters with respect to redshift for different values of model parameters. They
obtained present accelerating phase of the universe and found the value of the equation
of parameter to lie between -0.8 t0 -1. In this work, two other significant f(R) models
are considered in the framework of FRW model. The first one was defined by Nojiri &
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Odintsov [1] as f(R) = R+R2 +
1
R
[1] and the second one was proposed by Hu & Sawicki [2]
as f(R) = R− µRc R
2
R2 +R2c
[2]. In this section, the physical parameters which include Hub-
ble parameter, deceleration parameter, jerk parameter, matter density, effective equation of
state parameter and age of the universe are plotted with respect to redshift for these two
f(R) gravity models. To find the numerical plots of these physical parameters, the present
values of deceleration parameter and jerk parameter are taken to be equal to -0.81 and 2.16
respectively [72].
From Equations (8), (13) & (14),
d2H
dz2
= − 1
H
(
dH
dz
)2
+
3
(1 + z)
dH
dz
−
3f ′
[
(1 + z)
dH
dz
−H2
]
+
(
f
2
− ρm0
)
18f ′′H3(1 + z)2
. (15)
Eq. (15) is a non-linear differential equation for Hubble parameter H as a function of
redshift z. Hubble parameter is scaled as
H
H0
so that its value at present is unity.
The deceleration parameter is
q =
aa¨
a˙2
= −1 + (1 + z) 1
H
dH
dz
. (16)
Jerk parameter is
j =
...
a
aH3
= 1 +
3H˙
H2
+
...
H
H3
. (17)
The effective equation of state parameter is given by
weff =
pk
ρk + ρm
= −1 + 2
3
(1 + z)
1
H
dH
dz
. (18)
The age of the universe is given by
t0 =
∫ t0
0
dt
=
∫ ∞
0
dz
H(z)(1 + z)
. (19)
Case-I: f(R) = R +R2 +
1
R
6
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Figure 2: The deceleration parameter q versus redshift z
In this case, the function f(R) is taken as f(R) = R + R2 +
1
R
which is free from
parameters. The term
1
R
dominates at low curvature and produces the cosmic acceleration.
This model is stable and satisfy local gravity constraints [1].
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Figure 3: The jerk parameter j versus redshift z
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Figure 4: Matter density ρm versus redshift z
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Case-II: f(R) = R− µRc R
2
R2 +R2c
In this case, the function f(R) is taken as f(R) = R − µRc R
2
R2 +R2c
where µ and Rc
are constants. This was first introduced by W. Hu & I. Sawick [2] in the form f(R) =
R − µRc
(
R
Rc
)2n
(
R
Rc
)2n
+ 1
. For n = 1, µ ≥ 8√3/9 and Rc ≤ 5.7735 × 10−30. Here, µ = 1.6
and Rc = 5.7× 10−30 is taken. This model is stable and satisfy local gravity constraints. It
approaches to ΛCDM model for R Rc.
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4 Results & Discussion
Various parameters describing the evolution of the universe are plotted with respect to red-
shift in the context of two f(R) gravity models in the previous section (Figs. (1-12)). These
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Figure 11: The equation of state parameter weff versus redshift z
include Hubble parameter, deceleration parameter, jerk parameter, matter density, the effec-
tive equation of state parameter and age of the universe. The results obtained are discussed
below:
In Figures (1) and (7), Hubble parameter is plotted with respect to redshift z. In both
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Figure 12: Age t versus redshift z
cases, it tends to infinity as z → ∞ and its present value is found to be equal to 0.07
GYrs−1 which is consistent with the current observational data [73]. In Figures (2) and (8),
deceleration parameter is plotted with respect to redshift z for both cases. It depicts a change
of the universe from a deceleration stage to an acceleration stage. At z = 0, it is nearly equal
to -0.8, in each case, which is also very much closed to recent experimental value [72]. In
Figures (3) and (9), jerk parameter is drawn with respect to redshift. In the first case, its
present values are obtained as 2.16 and in the second case, it is found as 2.43 which is very
much closed to the current measured value [72]. In Figures (4) and (10), the matter density
ρm is plotted with respect to redshift for both cases. It goes to infinity as z goes to infinity.
In Figures (5) and (11), the effective equation of state parameter w is plotted with respect
to redshift z. In case-I, its value is obtained to lie between -0.9 and 0.3 and in case-II, it lies
between -0.3 and 0.3 which confirms the latest observational estimates. In Figures (6) and
(12), the cosmic time t is plotted with respect to redshift. In the first case, it is observed
that t tends to 12.13 as z tends to infinity, while in the second case, it is found to approach
15.11. Thus, the age of the universe is obtained as 12.13 GYrs and 15.11 GYrs in case-I
and-II respectively which is closed to the present age of the universe according to WMAP
data [73]. Hence, all the physical parameters drawn are observed to be consistent with the
current observational results.
5 Conclusion
The present paper is devoted to the study of FRW model in f(R) gravity with two stable
f(R) functions proposed in [1, 2] explaining the cosmic acceleration and satisfying the solar
system experiments. For both functions, Hubble parameter, deceleration parameter, jerk
13
parameter, matter density, the effective equation of state parameter and age of the universe
are plotted in terms of redshift. Each cosmological implication is found to possess the value
compatible with the observational results. The evolution of the universe is observed from
decelerating stage to accelerating stage. Thus, the models considered are significant for the
exploration of the evolution of our universe.
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